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Abstract. We show that the electron transmittivity of single electrons propagating 
along a ID wire in the presence of two magnetic impurities is affected by the 
entanglement between the impurity spins. For suitable values of the electron wave 
vector, there are two maximally entangled spin states which respectively make the wire 
completely transparent whatever the electron spin state, or strongly inhibits electron 
transmission. 
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The key role that entanglement plays not only in most quantum information 
processing tasks [I] but also in a broad range of physical processes such as quantum 
transport El E] has been considerably clarified over the past few years. In this 
letter we illustrate the interplay between entanglement and single-electron transport 
properties in a ID wire in the presence of two scattering magnetic impurities. Such 
system is the electron analogue of a Fabry-Perot (FP) interferometer j^J, with the two 
impurities playing the role of two mirrors with a quantum degree of freedom: the spin. 
This suggests the interesting question whether entanglement between the impurity spins 
plays any role in modulating the transmittivity. We show that this is indeed the case. 
In particular, we will show that, under simple suitable circumstances, the maximally 
entangled Bell states |^/ + ) and \^~) of the scattering centers spins can either largely 
inhibit the electron transport or make the wire completely "transparent" . Such striking 
behaviour, which can be intuitively understood in terms of quantum interference, is here 
quantitatively analyzed in terms of constants of motion. Furthermore, we will show 
that the same scattering mechanism can be used to efficiently create the entanglement 
between the impurity spins. 

Let us assume to inject single conduction electrons into a clean ID wire - such as 
a semiconductor quantum wire jB] or a single- wall carbon nanotube [7] - into which two 
spatially separated, identical spin- 1/2 magnetic impurities are embedded (e.g. these 
could be realized by two quantum dots [8.). Due to the presence of an exchange 
interaction, the conduction electron undergoes multiple scattering with the impurities 
before being finally transmitted or reflected. Let us also assume that the electron spin 
state can be prepared at the input of the wire and measured at its output (this could 
be achieved through ferromagnetic contacts at the source and drain of the wire |Hj). 
To be more specific, consider a ID wire along the x direction with the two magnetic 
impurities, labeled 1 and 2, embedded at x = and x = x , respectively. Assuming that 
the conduction electrons are injected one at a time (this allows us to neglect many-body 
effects) and that they can occupy only the lowest subband, the Hamiltonian can be 
written as 

2 

H = — + Ja-S 1 5(x) + Ja-S 2 S(x-x ) (1) 

2m* 

where p = —ihV, m* and cr are the electron momentum operator, effective mass 
and spin- 1/2 operator respectively, Sj (i = 1,2) is the spin- 1/2 operator of the i-th 
impurity and J is the exchange spin-spin coupling constant between the electron and 
each impurity. All the spin operators are in units of H. Since the electron-impurity 
collisions are elastic, the energy eigenvalues are simply E = h 2 k 2 /2m* (k > 0) where 
A; is a good quantum number. As the total spin Hilbert space is 8-dimensional and 
considering left-incident electrons, it turns out that to each value of k there corresponds 
an 8-fold degenerate energy level. Let S = cr + Si + S2 be the total spin of the system. 
Since S 2 and S z , with quantum numbers s and m s , respectively, are constants of motion, 
H can be block diagonalized, each block corresponding to an eigenspace of fixed s (for 
three spins 1/2, the possible values of s are 1/2, 3/2) and m s = —s,...,s. Let us rewrite 
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Eq. 



in the form 



S(x- x ) 



(2) 



J (~2 3 

2 r e2 2 

(i = 1,2) is the total spin of the electron and the 2-th impurity. 



where S ei = cr + S, 

Note that, in general and S 2 2 do not commute. Here we choose as spin space basis 
the states \s e i] s,m s ), common eigenstates of S 2 2 , S 2 and S z , to express, for a fixed 
k, each of the eight stationary states of the system as an 8-dimensional column. To 

Is' s) 

calculate the transmission probability amplitude t Se f that an electron prepared in 
the incoming state \k) \s' e2 ;s,m s ) will be transmitted in a state \k) \s e 2',s,m s ) we have 
derived the exact stationary states of the system. To do this, the quantum waveguide 
theory approach of Ref. jH] for an electron scattering with a magnetic impurity has been 
properly generalized to the case of two impurities. Note that due to the form of H (see 



Eq. EJ) coefficients tiff"' 



do not depend on m s . 



Let us first consider the subspace s = 3/2. Since in this subspace and S 2 2 
commute, the states \s e2 ;s,m s } = l;3/2,m 3 / 2 ^> are also eigenstates of S 2 X and the 
effective electron-impurities potential in Eq. (J2J) reduces to J/45(x) + J/45(x — x ). 
Note that the two impurities behave as if they were static and the scattering between 
electron and impurities cannot flip the spins. The four stationary states take therefore 



the simple form 
orbital degrees of 

at x = and x = 

,(i;3/2) 



^fc,i;3/2,m 3/2 ) = \<l>k) l;3/2,m 3 / 2 ), where \<f> k ) describes the electron 
reedom and can be easily found imposing suitable boundary conditions 
xq. This allows us to calculate the transmission probability amplitude 



t\ which turns out to depend on the two dimensionless parameters kxo and p(E)J, 



where p{E) = (J 2m* / E) / irh is the density of states per unit length of the wire 
Here, given length limitations, we shall omit its explicit form. 

Let us now consider the s = 1/2 subspace. Here S 2 X and S 2 2 do not commute. 
This is a signature of the fact that in this space spin-flip can occur. In each of the 
two-dimensional m 1( / 2 = —1/2, 1/2 subspaces, the two stationary states are of the form 



k,s' e2 ;l/2,m 1/: 



\<Pk,. 

Se2=0,l 



■ e2 ,Se2 



s e2 ; l/2,mi/j 



(3) 



5 e2i 



1/2, my, 



where the index s' e2 = 0, 1 indicates that the incident spin state of (JBJ) is 
In this subspace the 8-dimensional column representing each eigenstate of H has 
therefore two non-vanishing components. The transmitted part of © is given by 



\k) E 



^S e2 =0,l V Se2 



t (< 2 ;V2) 



s e2 ; 1/2, mi/: 



where again the four coefficients tilf' 1 ^ depend 



on the two parameters kxo and p(E)J. Note that since in the s = 1/2 subspace S 2 2 is 



(s f ■1/2'} 

not conserved, unlike the s = 3/2 case, t Se f ^ for s e2 ^ s' e2 . 

The knowledge of all the exact transmission amplitudes tllf"' allows us to 
determine, at all orders in the coupling constant J, how an incident wave \k) \x), where 
\x) is an arbitrary overall spin state, is transmitted after scattering. The state \k) \x) 
is the incident part of the stationary state 



l*fc,x> = £ (s' e2 ;s,m s \x) 



k,s' e2 ;s,m a 



(4) 
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where s' e2 = 1 for s = 3/2 , while s' e2 = 0,1 for s = 1/2. The overall electron 
transmittivity T is obtained by expressing the transmitted part of each stationary 



state 



^ k,s' e2 ;s,m s ) i n terms of t s s e c 2 2 ' s \ rearranging (jlj) as a linear expansion in the basis 
|s e2 ; s,m s ) and then summing the squared modules of the coefficients of the expansion. 
We are now able to investigate how electron transmission depends on the state in which 
the two impurities are prepared. Let us start with the following family of impurity spins 

states 

|*(tf,^)) = costf|U) + e^sintf|!T) (5) 

with $ G [0,27r] and ip G [0,7r]. This family includes both maximally entangled and 
product states. The electron transmittivity T when the injected electron spin state is 
|t) with the impurities prepared in the product states and ||t) is plotted in Figs, la 
and lb, respectively. A behaviour similar to a FP interferometer with partially silvered 
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Figure 1. Electron transmittivity T as a function of kxo when the electron is injected 
in the state ||) with the impurities prepared in the state |||) (a) and |||) (b). Dotted, 
dashed and solid lines stand for p{E)J = 1, 2, 10, respectively. 



mirrors, with equally spaced maxima of transmittivity, is exhibited. In Fig. la principal 
maxima occur around a value of kxo ^ nir which tends to kxo = nir for increasing 
values of p(E)J, while in Fig. lb they occur at kx = nir. As p(E)J is increased, 
maxima get lower and lower and sharpen. Remarkably, in both cases the electron and 
impurities spin state is changed after the scattering and the electron undergoes a loss of 
coherence, since we always have T < 1 [TI H ITT | IT2]. A similar behaviour with decoherence 
occurs when the two impurity spins are prepared in the maximally entangled state 
= (I tl) + Ilt))/v2 (see Fig. 2a). Again the transmitted spin state differs from the 
incident one and, in particular, when kxo = nir, it turns out to be a linear combination 
of |t) \^ + ) and |t) |tt)- A striking behaviour however appears when the impurity spins 
are prepared in the maximally entangled state l^ - ) = (|tl) — lit))/ v^2: as shown in Fig. 
2b, the wire becomes "transparent" for kxo = nn. In other words perfect transmittivity 
T = 1 is reached at kxo = nn regardless of the value of p(E)J, with peaks getting 
narrower for increasing values of p(E)J. Furthermore, under the resonance condition 
kxo = mr, the spin state |t) |^~) is transmitted unchanged. Note that this occurs even 
if |t) l^ - ) belongs to the s = 1/2 subspace where spin-flip is allowed. Using the explicit 

Is' s) 

form of t Se f it can be proved that for kx$ = nir the only spin state which is transmitted 
unchanged is (a |t) + /3 |j)) 1^ ), with arbitrary complex values of a and (3. Thus the 
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Figure 2. Electron transmittivity T as a function of kxo when the electron is injected 
in the state |f) with the impurities prepared in the state l^" 1 ") (a) and \^~) (b). Dotted, 
dashed and solid lines stand for p(E)J = 1, 2, 10, respectively. 



wire becomes transparent regardless of the electron spin state. This effect, clearly 
due to constructive quantum interference, can be quantitatively analyzed in terms of 
Hamiltonian symmetries. Denoting by 8k(x) and d~k{x — Xq) the effective representations 
of 5(x) and S(x — Xq), respectively, in a subspace of fixed energy E = h 2 k 2 /2m*, it can 
be easily proved that 8k(x) = 5k(x — Xo) for foc = nn. When this occurs the non-kinetic 
part V of H in Eq. assumes the effective representation 

V = Jo- ■ Si 2 6 k (x) = ^ (s 2 - <r 2 - Sj 2 ) 8 k {x) (6) 

where S12 = Si + S2. This means that, for kxQ = rwr, Sf 2 (with quantum number 
S12) becomes a constant of motion. This is physically reasonable since the condition 
kxo = mr implies that the electron is found at x = and x = xq with equal probability 
and, as a consequence, the two impurities are equally coupled to the electron spin. 
Furthermore, V turns out to vanish for s = 1/2 and s\2 = 0. This is the case for the 
initial state (a|T) + \^~) as this is an eigenstate of S 2 and S 2 2 with quantum 

numbers s = 1/2 and si% = 0, respectively. Therefore, when this state is prepared and 
kxo = nn, no spin-flip occurs and the wire becomes transparent. This is not the case 
for the state |f) \^ + ) belonging to the degenerate 2-dimensional eigenspace of S 2 2 an d 
S z with quantum numbers S12 = 1 and m = 1/2, respectively. As a consequence, when 
kxo = nn, the transmitted spin state will result in a linear combination of ||) \^ + ) and 
||) |tt)j implying spin-flip and decoherence. To further illustrate these results we have 
plotted the transmittivity T when the electron is injected in an arbitrary spin state 
(a |t) + P |D) with the impurities prepared in a state (0) as a function of $ and ip, for 
kxo = nir and p{E)J = 10 (see Fig. 3). Note how the electron transmission depends 
crucially on the relative phase <p between the impurity spin states |||) and ||f)- The 
maximum value of T occurs when the impurities are prepared in the singlet state l^ - ), 
while its minima occur for the triplet state |^ + ). As we have discussed, T < 1 (it gets 
smaller and smaller for increasing values of p(E)J) for \^ + ) due to decoherence effects. 
Since the set of states (0) is spanned by 1^") and \^ + ), the transmittivity for a generic 
state J5J) will have intermediate values between the value of T for |^/ + ) and 1. 

The most remarkable result emerging from the above discussion is that, within the 
set of initial impurity spins states (jSJ, maximally entangled states \^~) and \^ + ) have 
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Figure 3. Electron transmittivity T at kxo = mr and p(E)J — 10 when the electron 
is injected in an arbitrary spin state (a ||) +/3 |J,)) with the impurities prepared in the 
state costf |U) +e lv sintf||T). 

the relevant property to maximize or minimize electron transmission. We have chosen 
p(E)J = 10 to better highlight this behaviour, but this happens for any value of p(E)J. 
This result suggests the appealing possibility to use the relative phase <p as a control 
parameter to modulate the electron transmission in a ID wire. 

For this task to be correctly performed, it is required that the state |^/ + ) in which 
the impurities must be prepared to inhibit electron transmission, can be protected from 
spin-flip events. This can be achieved if the electron is injected in a fixed spin state, let 
us say |f), and analyzed in the same state when transmitted. Let us denote by T + the 
conditional probability that the electron is transmitted in the state ||). In Figs. 4a and 
4b we have plotted T and T + , respectively, for an initial impurity spins state (0) with 
the electron injected in the state ||) and for kxo = mr and p{E)J = 2. Note how the 
filtering can be used to efficiently reduce the electron transmission with the impurities 
prepared in the state |^/ + ). We found that T + ~ T for high values of p(E)J as in Fig. 



(a) (b) 




Figure 4. Electron transmittivity T (a) and conditional electron transmittivity T + 
(b) at kxo — n7T and p(E)J — 2 when the electron is injected in the state ||) with the 
impurities prepared in the state cost? |||) + & %v sini? |J.f). 

3 for p(E)J = 10. Thus in these cases no spin-filtering is required. 
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Figure 5. Electron transmittivity T as a function of fca;o when the the electron is 
injected in the state ||) with the impurities in the initial state |TT) ( a ), III) (b) and 
(ITT) + \U))/V2 for arbitrary ^ (c). Dotted, dashed and solid lines stand for 
p{E)J — 1, 2, 10, respectively. 



The above features are however not present for all sets of maximally entangled 
states. Let us for instance consider the family of initial impurity spins states 

= cos^ |TT) + e^sin^ |||> (7) 

with 1? G [0, 2tt] and <p G [0,7r]. Our calculations show that, in this case, the two 
impurities behave as if they were prepared in a statistical mixture of |TT) an d |||) with 
weights cos 2 1? and sin 2 1?, respectively. This is illustrated in Figs. 5a, 5b and 5c for the 
cases i9 = 7r/4, $ = 0, $ = n/2, respectively, with arbitrary ip and the electron injected 
spin state being |T). The phase <p thus plays no role and no interesting interference effect 
occurs. The reason for this is that ||) ||T) an d |T) III) are eigenstates of the constant 
of motion S z with different quantum numbers m = 3/2 and m = —1/2, respectively 
and therefore, unlike the set of states (jSJ), no quantum interference effects are possible. 
Finally, note that while in the cases of Figs. 5b and 5c a loss of electron coherence is 
exhibited similarly to the cases of Figs, la, lb and 2a, a coherent behaviour completely 
analogous to a FP interferometer with partially silvered mirrors [Sj is observed when 
the impurities are prepared in the state |TT) with the electron injected in the state |T) 
(see Fig. 5a). Indeed, the spin state |T) |TT) belongs to the non degenerate eigenspace 
s = 3/2,m = 3/2 where spin-flip does not occur and the impurities behave as they were 
static. However, we note that at variance with the case of Fig. 2b, T = 1 for values of 
kxo which depend on p(E)J and only if the electron spin is initially aligned with the 
spins of the impurities. 

To conclude we show how the scattering itself can be used to generate the desired 
entanglement between the impurity spins. To modulate the electron transmission we 
are interested in generating either a |^/ + ) or a \^~) state. Such states can be easily 
transformed into each other by simply introducing a relative phase shift through a local 
field. A |\I/ + ) state can be generated by injecting an electron in the state ||) with the 
two impurities prepared in the state |||), in the spirit of [13]. When kxo = utt, due to 
conservation of S 2 2 and S z the transmitted spin state will be a linear combination of 
|T) III) and ||) \^ + ). An output filter selecting only transmitted electrons in the state 
||) can thus be used to project the impurities into the state \^ + ). The conditional 
probability T_ for this event is plotted in Fig. 6 as a function of p(E)J. A probability 
larger than 20% can be reached with p(E)J ~ 1. 
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Figure 6. Conditional electron transmittivity T_ at kxo = nir as a function of p(E)J 
when the electron is injected in the state |f ) with the impurities prepared in the state 
III)- 



To estimate the feasibility of the device here proposed, let us assume an electron 
effective mass of 0.067 m (as in GaAs quantum wires) and the impurities to be two 
quantum dots each one of size 1 nm. As a consequence, the maximum electron energy 
allowing to assume a contact electron-dot potential - as in Eq. (Q) - is around 2 meV. In 
this case, for p(E)J ~ 1 we obtain J ~ 1 eVA which appears to be a reasonable value. 

Finally, we would like to point out that the above main result showed in Fig. 3 
opens the possibility of a new maximally entangled states detection scheme. Indeed, 
electron transmission can be used as a probe to detect maximally entangled singlet 
and triplet states of two localized spins within the family @. In particular, it should 
be clear from the above discussion that in the case of \^~) this would be a quantum 
non-demolition (QND) detection scheme. 

In summary, in this article we have considered a ID wire into which single electrons 
are injected. Such electrons undergo multiple scattering with two spin-1/2 magnetic 
impurities embedded at a fixed distance before leaving the wire. We have derived 
the exact stationary states of the system thus obtaining all the necessary transmission 
probability amplitudes to describe electron transport. We have shown that for suitable 
electron wave vectors (independent on the electron-impurity coupling constant) perfect 
transmittivity without spin-flip takes place provided the impurity spins are prepared 
in the singlet maximally entangled state. In this regime, singlet and triplet entangled 
states of the localized spins are found to maximize and minimize, respectively, electron 
transmission. This suggests the appealing idea to use entanglement as a tool to control 
electron transmission through a wire. 
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